Abstract: In this paper, we discuss anisotropic submanifolds and isoparametric hypersurfaces in a Randers space form (N, F ) with the navigation datum (h, W ). We find that (N, F, dµ BH ) and (N, h) have the same isoparametric hypersurfaces although, in general, their isoparametric functions are different. This implies that the classification of isoparametric hypersurfaces in a Randers space form is the same as that in Riemannian case. Lastly, we give some examples of isoparametric functions in Randers space forms.
Introduction
In Riemannian geometry, the study of isoparametric hypersurfaces has a long history. Since 1938, E. Cartan had begun to study the isoparametric hypersurfaces in real space forms with constant sectional curvature c systematically. The classification of isoparametric hypersurfaces in space forms is a classical geometric problem with a history of almost one hundred years. Isoparametric hypersurfaces in Euclidean and hyperbolic spaces were classified in 1930's ( [1] [2] [3] ). For the classification of isoparametric hypersurfaces in a unit sphere, which is the most difficult case, there are many important results (as like [4, 5] , etc.) and it was recently completely solved in [6] .
In Finsler geometry, the concept of isoparametric hypersurfaces has been introduced in [7] . Let (N, F, dµ) be an n-dimensional Finsler manifold with volume form dµ. A function f on (N, F, dµ) is said to be isoparametric if there areã(t) andb(t) such that F (∇f ) =ã(f ), ∆f =b(f ), (1.1) where ∇f and ∆f denote the nonlinear gradient and Laplacian of f with respect to dµ, respectively (see Section 2.1 and 2.3 for details).
Studing and classifying isoparametric hypersurfaces in Finsler space forms are interesting problems naturally generalized from Riemannian geometry. In [7] , the authors studied isoparametric hypersurfaces in Finsler space forms, and obtained the Cartan type formula and some classifications on the number of distinct principal curvatures or their multiplicities. For some very special Finsler space forms, such as Minkowski space (with zero flag curvature) and Funk space (a special Rander space with negative constant flag curvature), the isoparametric hypersurfaces have been completely classified ( [7] [8] [9] ). Xu in [11] studied a special class of isoparametric hypersurfaces in a Randers sphere (with positive constant flag curvature).
Randers manifolds plays a fundamental role in Finsler geometry. Those with constant flag curvature were classified in [10] , using Zermelo's navigation method. A forward (resp. backward) complete and simply connected Randers manifold with constant flag curvature c is called a forward (resp. backward) Randers space form, which is denoted by (N(c), F ). In fact, the most known examples of Finsler space forms with non-zero flag curvature are Randers space forms. So it is natural to consider the isoparametric hypersurfaces in Randers space forms. Unlike the Riemannian case, there are infinitely many Randers space forms, which are not isometric or even are not homothetic to each other. The classification problems of isoparametric hypersurfaces are far from being fully resolved.
In this paper, we will give the complete classifications of isoparametric hypersurfaces in a forward (or backward) Randers space form (N n (c), F ). By using navigation process, we find the following Theorem 1.1. Let (N, F ) be a forward (or backward) Randers space form with the navigation datum (h, W ). Then (N, F, dµ BH ) and (N, h) have the same isoparametric hypersurfaces, and the number of distinct principal curvatures and the multiplicities of each principal curvature are also the same. So the isoparametric hypersurfaces in (N, F, dµ BH ) can be completely classified (see Table 1 for the accurate classifications).
The contents of this paper are organized as follows. In section 2, some fundamental concepts and formulas are given for later use. In section 3, we consider the principal curvatures of submanifolds with respect to F and h, respectively, and derive the classification of isoparametric hypersurface in Randers space forms. In section 4, we consider the relation between isoparametric functions with respect to F and h and give some examples of isoparametric functions in special Randers space forms.
Preliminaries

Finsler-Laplacian
Let (N, F ) be an n-dimensional oriented smooth Finsler manifold and T N be the tangent bundle over N with local coordinates (x, y), where x = (x 1 , · · · , x n ) and y = (y 1 , · · · , y n ).
The fundamental form g of (N, F ) is given by
The projection π : T N → N gives rise to the pull-back bundle π * T N and its dual bundle π * T * N over T N\0. Recall that on the pull-back bundle π * T N there exists a unique Chern
where
∂y k is called the Cartan tensor and
are the geodesic coefficients of (N, F ).
with respect to a reference vector w ∈ T x N\0 for the Chern connection is defined by
For a smooth function f :
is the S-curvature.
Anisotropic submanifolds
Let (N, F ) be an n-dimensional Finsler manifold and φ : M → (N, F ) be an m-dimensional immersion. Here and from now on, we will use the following convention of index ranges unless other stated:
which is called the normal bundle of φ or M. Note that in general, it is not a vector bundle. We call {(M, g n )|n ∈ N M} an anisotropic submanifold of (N, F ) to distinguish it from an isometric immersion submanifold (M, φ * F ). Moreover, we denote the unit normal bundle by
For any X ∈ T x M and n ∈ N 0 M, we define the shape operator A n :
Then it is easy to show that
The eigenvalues of A n , λ 1 , λ 2 , · · · , λ m , andĤ n = m a=1 λ a are called the principal curvatures and the anisotropic mean curvature with respect to n, respectively. If λ 1 = λ 2 = · · · = λ m for any n ∈ N M, then M is called to be anisotropic-totally umbilic. IfĤ n = 0 for any n ∈ N M, then M is called an anisotropic-minimal submanifold of (N, F ).
Let φ : M → N be an embedded hypersurface of (N, F ). For any x ∈ M, there exist exactly two unit normal vectors n ± . Let n be a given normal vector of N. Setĝ = φ * g n .
From [7] , we have the following Gauss-Weingarten formulas
is called the second fundamental form, and∇ is a torsion-free linear connection on M satisfying ( [9] )
where C n is the Cartan tensor with y = n.
Isoparametric functions and isoparametric hypersurfaces
Let f be a non-constant C 1 function defined on a Finsler manifold (N, F, dµ) and smooth
The function f is said to be isoparametric if there exist a smooth functionã(t) and a continuous functionb(t) defined on J such that (1.1) holds on N f . All the regular level surfaces M t = f −1 (t) form an isoparametric family, each of which is called an isoparametric hypersurface in (N, F, dµ). If f only satisfies the first equation of (1.1), then it is said to be transnormal. Let φ : M → N be a hypersurface. If for any given x ∈ φ(M), there is a neighborhood V of x in N and an isoparametric function f defined on V such that φ(M) ∩ V is a regular level surface of f , then M is called a locally isoparametric hypersurface. Proof. From Theorem 4.1 in [7] , we only need to prove the sufficiency. Let n be a smooth unit normal vector field of M. Because n is smooth and the normal geodesics locally and smoothly depend on n, we know that for any x ∈ φ(M), there exists a neighborhood V of x in N, and there exists a smooth distance function f defined on
Then F (∇f ) = 1, which shows that f is a transnormal function. From Lemma 3.5 in [14] (which also holds in a local domain), we know that on every regular level surface of f , the principal curvatures are all constant. By Theorem 4.2 in [7] , f is isoparametric on V .
3 Isoparametric hypersurfaces in a Randers space form
Anisotropic submanifolds in Randers spaces
Let (N, F, dµ BH ) be an n-dimensional Randers space, where
and let its navigation expression be
, and
Denote the dual metric of h by h * . Then the dual metric of F can be expressed as
From (2.3) and (3.3), we know that
Thenn is a unit normal vector field of M with respect to h. Thus
It follows from F (n) = 1 that
Combing (3.2), (3.4), (3.6) and (3.7), yields
Thus we have the following Lemma 3.1. Let φ : M → (N, F ) be an anisotropic submanifold in a Randers space (N, F ) with the navigation datum (h, W ). Then every induced metricĝ n = φ * g n , for any n ∈ N 0 (M), is conformal toh = φ * h and satisfieŝ
where "|" denotes the covariant differential about h. From [15] , we know that
where G i andḠ i are the geodesic coefficients of F and h, respectively. Then
From [15] , F has isotropic S-curvature if and only if W satisfies
Using the above formulas, we get 
Proof. Set X = X a ∂ ∂u a . By (3.4) ∼ (3.11), we have
Thus, we have the following Proof. Set X = X a ∂ ∂u a and φ a = dφ ∂ ∂u a . By (2.6) and (3.12), we know that
From (3.1)∼(3.12) and (2.10), we have
Thus A n X =ĀnX + k(x)X, and the proof is completed. 
Classification of isoparametric hypersurfaces in a Randers space form
Proof of Theorem 1.1:
Proof. Let (N, F, dµ BH ) be a Randers space with the navigation datum (h, W ). By Theorem 5.11 in [15] , (N, F ) has constant flag curvature c if and only if the Riemannian space (N, h) has constant sectional curvaturec and W is a homothetic vector field with dilation k 0 . In this case, F has constant S-curvature, that is, k(x) = k 0 in (3.13) and c =c − k 
).
Thus the Randers space form (N(c), F ) is globally isometric to a Randers sphere. The known classification results are summarized in the following table. 
M is an open subset ref. of following hypersurfaces c = 0 Theorem 3.5. Let (N, F, dµ BH ) be a Randers space with the navigation datum (h, W ), where W is a homothetic vector field, and let f be an isoparametric function of (N, h).
Then f is an isoparametric function of (N, F ) if and only if there is a smooth function ϕ
Proof. From [9] , we know that in a Randers space (N, F, dµ) with the navigation datum (h, W ),
f is an isoparametric function if and only if there exist two functionsã(t) andb(t) such that f satisfies
(3.14)
If f is an isoparametric function of (N, h), then there exist two functions a(t) and b(t) such that f satisfies
Furthermore, if f is also an isoparametric function of (N, F ), then the desired conclusion follows directly from the first equation of (3.14).
Conversely, suppose there is a smooth function ϕ : f (M) → R such that df (W ) = ϕ(f ). Since W is a homothetic vector field, we have
From the above formulas and (3.15), we obtain that
Then by (3.14), f is an isoparametric function of (N, F ) with
Remark 3.6. In [11] , the author obtained this result for a special case, df (W ) = 0, in a different way.
By Theorem 3.5, we can find some examples of isoparametric functions in special Randers space forms. From [15] , if F is a Randers metric with the navigation datum (h, W ), then F has constant flag curvature if and only if the Riemannian metric h has constant sectional curvaturec and the vector field W satisfies W = −2k 0 x + xQ + e,c = 0, xQ + e +c e, x x,c = 0, (3.16) where Q is an antisymmetric matrix, e ∈ R n is a constant vector and k 0 is a constant, and ifc = 0, then k 0 = 0, that is, W is a Killing vector field.
Lemma 3.7. [16] Let (S n , h) ֒→ R n+1 (n ≥ 2) be the standard Euclidean sphere and Φ :
where ∇ E and ∆ E denote the Euclidean gradient and Laplacian in R n+1 , respectively.
Example 3.8. Let F be a Randers metric with the navigation datum (h, W ), whereh = α (y α ) 2 , W = xQ + e, x, y ∈ R n+1 , Q is an antisymmetric matrix, and e ∈ R n+1 is a constant vector. Set M = {x ∈ R n+1 | |xQ + e| 2 < 1}. Then W is a Killing vector field in Then Φ is an isoparametric function of ( M,h) with g = 1 and ∇ E Φ, W = e n+1 , xQ + e = e n+1 , e .
From Theorem 1.1 and Theorem 3.5, we know that Φ is an isoparametric function of Randers space ( M ,F ) with g = 1.
Let (S n , h) ֒→ R n+1 (n ≥ 2) be the standard Euclidean sphere. Take W = xQ, then W = W | S n is a Killing vector field on S n . Let F be a Randers metric on S n with the navigation datum (h, W ) and f = Φ| S n . Then f is an isoparametric function of (S n , h) with g = 1 and ∇ h f, W h = ∇ E Φ − Φx, W = e n+1 − Φx, xQ = 0.
From Theorem 1.1 and Theorem 3.5, we know that f is also an isoparametric function of Randers space form (S n , F ) with g = 1.
(2) Define
Then from [16] , f = Φ| S n is an isoparametric function of (S n , h) with g = 2. Take W = xQ, where x ∈ R n+1 , and
Then ∇ h f, W h = ∇ E Φ − 2Φx, W = 2(x 1 , −x 2 ) − 2Φx, (x 1 , x 2 )Q = 0.
By Theorem 1.1 and Theorem 3.5, we conclude that f is also an isoparametric function of Randers space form (S n , F ) with g = 2.
More generally, we have Theorem 3.9. Let (S n , F, dµ BH ) be a Randers sphere corresponding to the navigation datum (h, W ), where W = xQ| S n , x ∈ R n+1 , and Q is a skew symmetric (n + 1)-matrix. Let Φ : R n+1 → R be a homogeneous function of degree k. Then Φ| S n is an isoparametric function of (S n , F, dµ BH ) if and only if Φ satisfies
(3.18)
